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Abstract. In this paper an approximation method for the construction of
reachable sets of control systems with integral constraints on the control is
considered. It is assumed that the control system is non-linear with respect
to the phase state vector and is linear with respect to the control vector. The
admissible control functions are chosen from the ball centered at the origin
with radius po in Ly, p > 1. The reachable set is replaced by the set which
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consists of finite number of points. The estimated accuracy of the Hausdorff
distance between the reachable set and the set which is approximately con-
structed is obtained.
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1 Introduction

Numerous publications have been devoted to the study of various properties of
the reachable sets of the control systems with geometrical constraints on control
(see, e.g. [1, 4, 5, 14, 15, 18] and references therein). In papers (see, [3, 8, 11, 17]
and references therein) the numerical methods for construction and estimation of
the reachable sets of the control systems with geometrical constraints on control
are considered. Control systems with integral constraints on control have been
investigated in [2, 6, 7, 9, 10, 12, 13, 16].

Consider a control system whose behavior is described by a differential
equation

@(t) = f(t,2(t) + B(t, z(t))u(t), (1.1)

where x € R" is the n-dimensional phase state vector, u is the r-dimensional
control vector, t € [to,0] (to < 0 < 00) is the time, f(¢,z) is an n-dimensional
vector function and B(t, z) is an (n x r)-dimensional matrix function.

It is assumed that the realizations u(t), ¢ € [to,0], of the control u are
restricted by the constraint

6
lut) P < i, 1o >0, 1< p < oo, (1.2)
to
where || - || denotes the Euclidean norm. It is also assumed that the following

conditions are satisfied.

A. The functions f(t,z) and B(t,z) are continuous on (¢,z) and for any
bounded set D C [tg, 0] x R™ there exist Lipschitz constants L; = L;(D) €
(0,00) (i =1,2) such that

||f(t,l‘*) - f(t,$*)||
||B(t73;‘*) _B(t7$*)||

Luflz® — .|,

IAIA

Lofz* — .||
for any (¢,2*) € D, (t,z.) € D.
B. There exist constants 7; € (0,00) (¢ = 1,2) such that

(&2 <y (X fl2l]), 1B 2)]| < v2(1+ [|=]])
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for every (¢, z) € [to, 0] x R™. Here, || B|| is the Euclidean norm of matrix B.

Every function u(-) € Ly([to,8]; R™), (1 < p < 00), satisfying the inequality
(1.2) is said to be an admissible control. By the symbol U we denote the set of
all admissible control functions u(-).

Let u.(-) € U. The absolutely continuous function x,(t) : [to, 8] — R™ which
satisfies the equation . (t) = f(t,z.(t)) + B(t, z«(t))u«(t) a.e. in [to, 0], is said
to be a solution of the system (1.1) generated by the admissible control function
ux(+). By the symbol X (o, Xo) we denote the set of solutions of the system (1.1)
which are generated by all possible admissible control functions u(-) € U and
satisfy initial condition z. (o) € Xo. We assume that

X(t;to,Xo) = {J?(t) € R" : Jf() S X(to,Xo)},

H(to, Xo) = {(t,z(?)) € [to,0] x R" : z(-) € X(to, Xo)}-

X (t;t9, Xo) is called the reachable set of the system (1.1) with initial set
(to, Xo) and constraint (1.2) at the instant of time ¢. The set H(tg, Xo) is called
the integral funnel of the system (1.1) with constraint (1.2) and initial set (¢g, Xo).
It is obvious that the integral funnel can also be written as

H(to,Xo) = {(t,fE) S [to,e] X R" : x€ X(t;to,Xo)}.

We consider approximation of the reachable set X (6;tg, Xo). To solve the
problem, the set of control functions U is replaced by the set of controls U; which
possess some geometrical constraints along with integral ones (Section 2). In the
second step the set of controls U; is narrowed down to the set of controls Us
which consists of piecewise constant controls (Section 3). In the third step the set
of controls is replaced by the set of controls Us whose norms lie in uniform mesh of
the given interval (Section 4). In the fourth step the set of controls Us is narrowed
down to the set of controls U; which have finite number of control functions
(Section 5) and finally the solutions of the differential equation is replaced by
the Euler’s broken lines (Section 6). Note that each subsequent set of controls
is more convenient for approximation of the reachable set X (6;to, Xo). In section
7 the estimated accuracy of the Hausdorff distance between the reachable set
X (0;t9, Xo) and the set which is constructed approximately and consists of finite
number of points, are given.

From now on it will be assumed that Xo C R™ is compact set. For the
following arguments, we will find the bounded cylinder D C [to, 6] X R™ in which
the integral funnel H (o, Xo) is contained. Let

a = max{||z| :z € Xo},

p—1

To = a+’}/1(97t0)+ﬂ0’)’2(0*t0) LN (13)
p—1 =l

r= rol+ (110 — to) + poma(0 — 1) T ) O RO T (1 g
D = {(t,z) € [to,0] x B" : ||z|| <7} (1.5)
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Proposition 1.1 The inclusion H(ty, Xo) C D holds where the cylinder D is
defined by relation (1.5).

The proof of the proposition can be obtained from the condition B.

Everywhere in the following arguments, we shall have in mind the cylinder
(1.5) as the set D.

Let 0 > 0. Since Xy C R™ is a compact set then it has a finite o-net. Let
X§ be a finite o-net of Xy and

Cy = L1(9—t0)+L2u0(0—t0)%. (16)
We denote by

a(E, F) = max{sup d(z, E), sup d(y, F) }
el yeE

the Hausdorff distance between the sets E, F C R" where d(z, E) = ylgg |z —yl|-
Let us formulate a proposition which characterizes the estimated accuracy
between the sets X (¢;to, Xo) and X (¢;t0, X7).
Proposition 1.2
a(X (t;to, Xo), X (t;t0, X§)) < o(1 + cue®)
for all t € [to,6)].

The proof of the proposition follows from the condition A. Note, it is not
difficult to verify that the set X (¢;to, Xo) is closed and it depends on ¢, ¢y, Xo
and po continuously.

2 Mixed constraints
Suppose A € (0,00). By U; we denote the set of all admissible control functions
u(+) € U, which satisfy the geometrical constraint

[u(®)] <A, t € [to,0]. (2.1)

The set of all solutions of the system (1.1), satisfying initial condition x(tg) €
X§ and generated by all possible u(-) € Uy, is denoted by X;(to, X§). We set

Xl(t;to,Xg) = {l‘(t) € R" I() € Xl(to,Xg)}.

With the following proposition we will give the estimated accuracy of the
Hausdorff distance between the sets X (¢;to, X§) and X (¢;to, X3).
Let
K, = B(t 2.2
1= max ||B )l (2.2)
By = {zeR":|z|]| <1}.
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Proposition 2.1
2415

O[(X(t;to,Xg),Xl(t;to,Xg)) S K1 A;D—l

(1+ c.e™)

for all t € [to, 0] where c, is defined by (1.6).
Proof. Since U; C U then
Xl(t;thXg) CX(t;thg) (23)

for every t € [tg,f]. Choose an arbitrary z(-) € X(to, Xg). Then there exist
xo € X7 and u(-) € U such that

¢
o) a0+ [ f(ralr)) + B(r,a(r)u(rdr
to
for all ¢ € [to,0]. Let us define the control function

O EO N TSN
uL(t) = .
Mg if [lu(t)]| > A
where t € [to,0]. It can be shown that u.(-) € Uy. Let z.(-) : [to,8] — R™ be
the solution of the system (1.1) with initial condition x,.(tg) = zg, generated by
control function w,(-). Then z.(-) € X;(to, X§) and taking into consideration the
condition A, we obtain that

HﬂwfxxﬂnS_/(M+LﬂwﬁWMﬂﬂ4wAﬂMT ”
o 2.4
+K3/|wvafuxﬂwh

to

for every t € [to, 0] where K is defined by (2.2).

Let us set Q; = {7 € [to,t] : |[u(7)|| > A}. Then, [to,t]\Q: = {7 € [to,t] :
lu(m)|l < A} and by definition of wu.(:), [|[u(T) — u.(7)|] = 0 when 7 € [to, t]\ .
We also have the inequality

t
%z/wmwwz/wmww
to Q
z/ NPdT > NP (),
Q4

from which it follows that
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Here p(€;) is the Lebesgue measure of the set ;. Using (2.5), Holder’s and
Minkovski’s inequalities we obtain

lnwﬂ—uxﬂwle;wv»—mvmw

< uiuza>“f[(jétnu<r>WdT);«+ (/Qtnu*wﬂpdf)é]

< <M8> ' (o + po] = fﬁ : (2:6)

AP p—1

Hence, by virtue of (2.4) and (2.6) we obtain

Jo(0) = 2.0 < Ko+ [ @4+ Lallur) D a(r) = 7).

By the Gronwall’s lemma it follows from here that
2
Ap—1

where the constant ¢, is defined by the relation (1.6). Since z(-) € X(tg, XJ) is
an arbitrary solution, we have from (2.7) that

[z(t) = z.(O)] < K

(1+cret), te [to,0] (2.7)

2 p
X(t;to, XS) C X1(t;to, X5) + K1 A;‘_Ol (14 cve®)By, t € [to, 0]. (2.8)
The inclusions (2.3) and (2.8) complete the proof. a

It follows from the Proposition 2.1 that

a(X (tto, X§), X1(t;t0, X5)) — 0 as A — oo.

3 Piecewise constant controls

Now we will define the new class of controls which consists of piecewise-constant
controls on uniform partition of the interval [tg, 6].

Let T' = {tg,t1,... ,tny = 0} be uniform partition of the interval [tg, 6] such
that

0 —to
N

tiy1 —t; = =A, i=0,1,... ,N—1.
Let

U2:‘{U(') €U1:u(t) =u; Vte [ti7ti+1), 1 =0,1,... 7]\7—1}.
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By the symbol X3 (9, X§) we denote the set of solutions of the system (1.1)
which are generated by all possible u(-) € Uy and satisfy initial condition x(tg) €
X§. Now we set

Xg(t;t07Xg) = {:L‘(t) € R" : LL‘() S Xz(to,Xg)}.

Assume that

Ky = .1
2 (tl};)anglf(t,as)IL (3.1)
G(A) = Ko+ KA (3.2)

We formulate an auxiliary proposition which will be used in following
arguments.

Proposition 3.1 The inequality
[z(t) — z(t:)|| < ¢(A)
holds for every x(-) € Xa(to, X§), t € [ti,tiy1] andi=0,1,... ,N — 1.
Let us set

w* (A

”B(tax) - B(Tv y)”v (t,fﬂ) € D7 (T7 y) € D7 (33)

= max
lt—7|<A,la—yl <A
—1 —1
E(A) = 2pow* (9(A))(0 — o) T + 2 K1 AT (3.4)

Now we give a proposition characterizing the Hausdorff distance between
the sets X (¢;tg, X§) and Xo(¢;t0, X§)-

Proposition 3.2 The inequality
(X (8 to, X@), Xa(tito, X7)) < E(A)(1 + cue®™)

holds for all t € [to,0).
Here the constant c, is defined by relation (1.6).

Proof. Let us choose an arbitrary z(-) € X;(to, X§). Then, there exist g € X§
and u(-) € Uy such that

2(t) = 70+ /t F(r2(7) + B(r,2(r))u(r)dr

for all ¢ € [to, d].
Now we define a new control w,(-) using u(-) by the following equality

1 ti+1
u(t) = K/ u(r)dr, t€ [titiv1).
t

i
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It is not difficult to prove that u.(-) € Usz. Let z.(-) be the solution of the
system (1.1) with initial condition x(t9) = x, generated by the control w,().
Then z,(-) € Xa(to, X§) and taking into account the condition A we obtain

¢
() —z.()] < / (L1 + Loflu(r)[Dl2(7) = 2. (7)[|dr
o 4 (3.5)
/ B(1,x.(7))(u(T) — us(7))dr

to

+

for all t € [tg,0]. Since t € [tg, 0], then there exists k = 0,1,2,... , N —1 such that
t € [tg,tg+1) or t =ty = 6. Therefore,

t

B(1, 2. (7)) (u(T) — us(7))dr

k=1 i,
_ Z:o /t B e (n)(u(r) - u.(n)dr
—|—/t B(7, x4 (7)) (u(T) — us(7))dr (3.6)

holds. On the other hand, by the definition of u,(-) we have

/t () — s (1)) dr = 0

7

and consequently

/t B 2 (1) (u(r) — ua (7))dr

i

tit1
= /t [B(7,2.(7)) = B(ti; 2 (t:))] (u(7) — (7)) dr (3.7)
is verified. Since z.(-) € Xa(to, X§), then according to Proposition 3.1 we have
that

[ (8) — 2 (t2) | < (A) (3.8)

for every t € [t;,t;+1) where p(A) is defined by relation (3.2) and ¢(A) tends to
zero as A — 0.

With no loss of generality we assume that A < ¢(A). Then it follows from
(3.3) and (3.8) that

/t B 2u(1)) = Blts, . () | lu(r) — ua(r) |dr

i
tit1

< W (p(D) / lu(r) — wa(7) | dr

t;
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holds. Consequently, applying Holder’s and Minkowski’s inequalities we obtain
that

k=1 iy
Z/ [B(7, 2+(7)) (u(7) — us(7))l|dT
i=0 7t

k—1 tit1 bt
<D wh(p(a)) / 1(u(r) = we (7)) | d7 < 20w (P(A))(tx — t0) 7, (3.9)
i=0 t

i

IB(7, 2 (7)) (u() — (7))l d7 < 2u0 K1 AT . (3.10)

tr

From (3.6), (3.7), (3.9) and (3.10) we conclude that

where £(A) is defined by relation (3.4). Then, we have from (3.5) and (3.11) that

/ B(r, (7)) (u(r) — ua(7))dr

to

<&(Q), (3.11)

() = z. ()] < /t (L1 + Loflu(r)[Dll2(7) = z.(7)[|dr + £(A)

holds for all ¢ € [to,6]. Finally, using Gronwall’s lemma and the last inequality
we get

[(t) — 2. ()]| < E(A)(1 + cve®) (3.12)

for all ¢t € [to, 8] where c. > 0 is defined by (1.6). Since z(-) € X;(tg, X§) is an
arbitrary solution, it follows from (3.12) that

Xl(t; to, Xg) C XQ(t, to, Xg) + f(A)(l + C*ec*)Bl. (313)
Since Uy C Uy, then (3.13) completes the proof. |
We have from the Proposition 3.2 that

a(X1(t;to, X§), Xa(t;t0, XJ)) — 0 as A — 0.

4 Piecewise constant controls with norms from
uniform partition

Let T = {yo = 0,91,... ,yr = A} be uniform partition of the interval [0, A] such
that

A .
yj+1_yj:§=A; j=0,1,2,... , R—1.
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Let
U3 = {U() € U2 : ||U(t)|| = Yj; S F* Vit € [tiati+1)7 1= 0,1,... ,N* 1}

So, we narrow down the set of control functions Us to Us which consists
of piecewise constant controls and the norms of which lie in a defined uniform
partition IT'*.

By the symbol X3(tg, X7) we denote the set of all solutions of the system
(1.1), which are generated by all possible u(-) € Uz and satisfy initial condition
x(tp) € X§. We set

X3(t;t0,Xg) = {l‘(t) € R" : Jf() € Xg(to,Xg)}.
Let u(-) € Us. Then, ||u(t)|| = y;, for every t € [t;,t;1+1) where y;, € T'* for

any ¢ =0,1,... , N — 1. Since the control function u(-) € Us satisfy the constraint
(1.2) then we obtain the following inequality

N-1 .t N-1
> [ hipar =83 o < i
i=0 Yti i=0

hence,

. (4.1)

>[5

N—-1
Yoy <
1=0

Therefore, for control functions u(-) € Us we have to use the constraint (4.1)
instead of constraint (1.2).

Proposition 4.1 The inequality
Ol(XQ(t; to, )(g)7 Xg(t, to, Xg)) S KlA*(O — to)(l =+ C*BC*)

holds for all t € [to,0).
The constants K1 and c. are defined by relations (2.2) and (1.6) respectively.

Proof. Let z(-) € Xa(to, X§) be an arbitrarily chosen solution. Then, there exist
xo € X and u(-) € Uz such that

z(t) =x0 + t f(r,z(7)) + B(r,z(7))u(r)dr

for all ¢ € [to, d].
Since u(-) € Uy then, u(t) = u; for all t € [t;,t;41) and ||u;]] < A for each
i=0,1,...,N — 1. Let us define the new control function u.(-), setting

wa(t) = szHTzH if 0<|ui]| <A,
u; if |Juil| =0 or |Ju;|| = A
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where t € [t;,ti11),7=0,1,... N—1. Here y;, € I'" is such that |[u;|| € [y;,,yj,..)-
One can verify that u.(-) € Us and the inequality

[ut) = u. )] < A7 (4.2)

holds for every ¢ € [to, §]. Suppose z.(+) is the solution of the system (1.1) gener-
ated by control function wu,(-) which satisfies initial condition z.(tg) = xo. Then,
x4(+) € X3(to, X§) and by virtue of condition A and (4.2) we obtain

[[(t) — . (B)|] < K1 A™(60 - to) +/t (L1 + Lafu(m)|Dlle(7) = z.(7)lld7

for all t € [to, 0] where K7 is defined by (2.2). Now using Gronwall’s lemma and
Hoélder’s inequality we get

[(t) = 2. (B)]| < K1 A™(0 —t0)(1 + c.e®)
for all t € [to, ] where ¢, is defined by relation (1.6). It means that the inclusion
Xg(t;to,Xg) C X3(t;t0,Xg> + [KlA*((g — to)(l + c*ec*)]Bl (43)

holds for every t € [to,0]. Since Us C Us, then (4.3) completes the proof of
proposition. O

It follows from the Proposition 4.1 that

O[(XQ(t;to,Xg),Xg(t;to,Xg)) —0 as A" —0.

5 Finite number of control functions

Let S = {u € R" : |ju|| = 1} be the unit sphere of the space R", § > 0 and
[ = {s0,%1,-..,8p} be a finite §-net of S.

We now define the set of control functions Uy, which consists of finite number
of control functions, setting

Uy, = {u() eU;s :
u(t) = Y;;Sl;» te [ti,ti+1)7 Yj; € F*, Sy, € f, i=0,...,.N — 1}
We denote by symbol X4 (t9, X7 ) the set of all solutions of the system (1.1),

which are generated by the class of controls Uy and satisfy initial condition z(tg) €
X§. Let

X4(t;t0,Xg) = {:L'(t) € R" .’IJ() c X4(t0,Xg)}7

where ¢t € [to,0]. Since XJ is a finite o-net of Xy, the set of control functions
Uy consists of finite number of control functions, therefore the set X4(¢;0, XJ)
includes finite number of points.
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Proposition 5.1 The following inequality holds
Q(Xg(t; t07 Xg), X4(t, t(), Xg)) < Klé)\(ﬁ — t())(]. + c*ec*)

for all t € [to,0].
The positive constants Ki and c,. are defined by relations (1.6) and (2.2)
respectively.

Proof. Let us choose an arbitrary z(-) € X3(to, XJ). Then, there exist zy € X{
and u(-) € Us such that

¢
x(t) = xo + / f(ryz(7r)) + B(r,z(7))u(r)dr
to
for all t € [to, 0].
Since u(-) € Us then, by the definition of Us, u(-) can be written as
u(t) =y;,b,, y;, €T, b, €8

for all t € [ti,ti—i-l) (Z = 0, 1, ,N — 1)
By virtue of the definition of the §-net, for each b;, € S there exists s;, € I’
such that || b;, — s;, ||< d. Let

un(t) = yj.81,, y;, €T, s, €T, t€[titipr), i=0,1,...,N—1.
It is obvious that u.(-) € Uy and the inequality
[u(t) = u. ()] < A (5.1)

holds for all ¢ € [to, 0]

Suppose z.(-) is the solution of the system (1.1) generated by the control
function u.(-) € Uy, which satisfies initial condition z(tg) = x¢. Then, by virtue
of condition A and inequality (5.1) we have that

() — . (8)] < / (Ly + Lollu(m)e(r) — 2. (P)lldr + | Kiordr

to

for all ¢ € [to,0]. Then, applying Gronwall’s lemma we obtain
|2(t) — 22 (8)]| < K10A(0 — to)(1 + cve™), t € [to, 0]
Thus,
Xs(t;t0, X§) C Xal(t; to, X§) + [K10A(0 — t0)(1 + e )] By (5.2)
for every t € [to,0)]. Since Uy C Us, from (5.2) we complete the proof. |

We obtain from Proposition 5.1 that for every € > 0 and A > 0 there exist
6 > 0 such that

a(Xg(t;to,Xg),X4(t; to,Xg)) S E.
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6 Euler’s method

Now we will approximately calculate the set X4(6;to, XJ). Same arguments and
estimates are valid for the general case X4(¢;t0, X3), t € [to,0].
We will construct the Euler’s broken line

2(t) = 2(t:) + (¢ — t) [f (83, 2(8:)) + B(ti, Z(tz))u(tz)] :

Z(to) = l‘(to) =9 € Xg, te [tz;t1,+1)7 1=0,1,... -1

7 3

which corresponds to solution z(-) of the system (1.1), generated by a control
function u(-) € Uy, where x(tg) = xo. We will denote by the symbol Z(6; 9, X3)
the set of values of z(f) of the Euler’s broken lines, generated by all possible
controls of Uy from all initial positions zg € X{.

The values of z(0) € Z(0;t9, XJ) can be calculated by the following recursive
formula

2(ti1) = 2(t:) + A[f (i, 2(t:)) + B(ti, 2(:))y;, 50,
z(to) =x0 € X§, y;, €T", s, € I, i=0,1,..,N—1, (6.1)

where the numbers y;, € I'* satisfy the inequality (4.1). Assume

K*(A) = max 1f(ry) = f(& o), (1.y) € D, (t,2) € D,

r—tI<A, lly—zl <A
1" (A A) = K (0(A)) + Aw™(p(A)), (6.2)
n(AA) = An"(AA), LX) = Ly + LA,

g(A) = (60— to)eL(’\)(e_t"). (6.3)

The functions ¢(A) and w*(A) are defined by relations (3.2) and (3.3)
respectively.

Proposition 6.1 The inequality
a(Xa(0;t0, XG), Z (00, X7)) < g(M)n" (X, A)
holds.

Proof. Let z(-) be an arbitrary solution of the system (1.1), generated by the
control function u(-) € Uy which satisfies initial condition z(tg) = z¢ € X§ where
u(t) =vyj,5, as t € [ti, tig1), y;, €%, 5, €I, i=0,1,... ,N—1.
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Suppose €1 = ||z(t1) — 2(¢1)]|. Then according to the Proposition 6.1 and
(6.1), the inequality

. / 1f (r, (7)) — F(to, 2(to))|dr

+t 1B 2(r)) — Blto, e(t)) | lyjosis ldr (6.4)
< [ K (p(a)dr + / At (p(A))dr = A (A, A) = n(A, A)

holds.
Now, let g2 = |x(t2) — 2(t2)||. Then it follows from (6.1), (6.4) and
Proposition 3.1 that
2(ta) = 2(t2) | < la(t1) — 20|l + || [ [f(7,2(7) + B(r,2(7))yj, 5e,) dr
—A[f(t1, 2(t1)) + B(t1, 2(t1))ys 56|
< A) + [ £ 2(r) = f(t, 2(t)) [ldr
A [ IB(r,2(7)) = Bta, (1)) || dr
<\ A) + [ £ 2(r) = flt,x(t) | dr
+ L2 m(h) = f(t, 2(t)]|dr
A (S I1B(r.2(7) = Blty, w(t))dr + 2 IBs2(c0) B(t, 2())]dr)
<A A)+ [ K( (A))dT+L1 " Jla(ts) — 2(t1) | dr
A (S ()T + L |, “ age) ~ =(t) dr)
<A A)+ AK*(p(A)) + LiAn(A A) + A [Aw*(p(A)) + LaAn(X, A)].

Since n(A, A) = An* (A, A) = A[K*(p(A)) + Aw*(9(A))], L(A) = Ly + ALs
and 1+ L(A)A < exp(L(A)A), we get

[x(tz) = 2(t2)[ < n(X, &) +n(A, A) + LiAn(A, A) + AL An(X, A)
= (A A) + (N, A) (14 LA + AL A)
= (A A) +1(A\, A)(1+ L(N)A)
< (A A) + (X A) exp(L(N)A)

Similarly, the estimation
g3 < (A, A)ePVEFE L y(h A)eF VA L), A)

holds for e3 = ||z(t3) — 2(t3)]].
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Finally, for ey = ||z(tn) — 2(tn)|| = ||z(0) — 2(0)||, we obtain

N-1

ey < eL(/\)(eitO) Z 77()" A) = g(>‘)f’7*(>‘v A)
=0

This completes the proof. O

It follows from Proposition 6.1 that for every e > 0 and A > 0 there exist
A > 0 such that

a(X4(0;thXg)’ Z(a;th Xg)) S E.

7 Main result

From Propositions 1.2, 2.1, 3.2, 4.1, 5.1 and 6.1 we obtain the validity of the fol-
lowing theorem which gives evaluated accuracy of Hausdorff distance between the
reachable set X (0;tg, Xg) of the system (1.1) generated by the control functions
u(-) € U and the set Z(0;to, X§) which consists of finite number of points.

Theorem 7.1 The estimation

2 p
a(X (0 to, Xo), Z(0;t0, XO)) < o1+ cre®) + K AIf‘_ol(1+(;*86*)
FEA) (L + cue®™) + Ky AT (0 — to) (1 + cae™)
F+E10M(0 — t0)(1 + ce™) + g( A" (N, A)
holds where ¢, K1, £(A), n* (A, A) and g(\) are defined by relations (1.6), (2.2),
(3.4), (6.2) and (6.3) respectively.

Note that if the system (1.1) is autonomous i.e., if the functions (¢,z) —
f(t,z) and (t,z) — B(t,x) do not depend on ¢ then

p—1

E(A) = 20 Lap(A)(0 — t0) T +2u0 K1 AT,

(A A) = (L + ALz) 9(A),

where p(A) is defined by (3.2).
The validity of the following corollary follows from Theorem 7.1.

Corollary 7.2 For any € > 0 there exist 0 >0, A >0, A >0, A* >0, >0
such that

Q(X(o;to,Xo), Z(G,tO,X(‘)’)) S E.
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