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Abstract: In this work, we have considered the modified
simple equation (MSE) method for obtaining exact solu-
tions of nonlinear fractional-order differential equations.
The space-time fractional equal width (EW) and the mod-
ified equal width (mEW) equation are considered for il-
lustrating the effectiveness of the algorithm. It has been
observed that all exact solutions obtained in this paper
verify the nonlinear ordinary differential equations which
was obtained from nonlinear fractional-order differential
equations under the terms of wave transformation rela-
tionship. The obtained results are shown graphically.
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1 Introduction
Fractional calculus, was introduced by Leibniz in 1695, as
a generalization of ordinary calculus [1]. Physicists, en-
gineers and mathematicians have always taken intense
interest in nonlinear problems related to various scien-
tific applications, such as fluid dynamics, plasma physics,
high-energy physics, geochemistry, chemical physics, vis-
coelastic materials, elastic media, optical fibers, signal
processing, polymers, chemical kinematics and biomath-
ematics [2–4]. The most considerable advantage of uti-

*Corresponding Author: Melike Kaplan: Eskisehir Osmangazi
University, Art-Science Faculty, Department of Mathematics-
Computer, Eskisehir-Turkey; Email: mkaplan@ogu.edu.tr; Tel.: +90
222 2393750; Fax: +90 222 2393578
Murat Koparan: Anadolu University, Education Faculty, De-
partment of Elementary Education, Eskisehir-Turkey; Email:
mkoparan@anadolu.edu.tr
Ahmet Bekir: Eskisehir Osmangazi University, Art-Science Faculty,
Department of Mathematics-Computer, Eskisehir-Turkey; Email:
abekir@ogu.edu.tr

lizing nonlinear fractional differential equations (NFDEs)
is their non-local property, which means that the next
status of a system depends both upon its current sta-
tus and all of its historical status. For instance, by us-
ing the fractional differential equations, the fluid-dynamic
traffic model can eliminate the deficiency arising from
the assumptions of continuum traffic flow [5]. Consider-
ing their importance, the exploration of exact solutions of
NFDEs became a crucial case and matter of interest for re-
searchers in recent years. As a result, numerous influen-
tial methods have been proposed. Some of these include
as the tanh-sechmethod [6], the (G′/G)-expansionmethod
[7], the (G′/G, 1/G)-expansion method [8], the first inte-
gral method [9], the exponential function method [10, 11],
the sub equation method [12], the trial equation method
[13], ansatz method [14], themodified Kudryashovmethod
[15], variational iteration method [16] and others [17–19].

There are different approaches to the generalization of
the notion of differentiation to fractional orders such as
Caputo, Grünwald-Letnikow, Riemann-Liouville and the
Generalized Functions approach [20, 21]. Among these
approaches, the modified Riemann-Liouville derivative is
mostly used by mathematicians.

2 The Modified Simple Equation
Method

We consider a NFDE with independent variables x and t
given by:

F(u, Dαt u, Dαxu, Dαt Dαt u, Dαt Dαxu, DαxDαxu, . . . ) = 0, (1)
0 < α < 1,

where u(x, t) is an unknown function, F is a polynomial
in u and various partial fractional derivatives in which
the highest order derivatives and nonlinear terms are in-
volved.

To find the exact solution of Eq. (1), we introduce a
fractional complex transformationn as follows:

u(x, t) = u(ξ ), ξ = kxα
Γ(1 + α) −

ctα
Γ(1 + α) . (2)
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Applying Eq. (2), Eq. (1) can be converted to a nonlinear
ordinary differential equation (ODE). When integrated as
many times as possible, the integration constant can be
selected as zero.

The exact solution of the reduced equation can be rep-
resented by a polynomial in ζ

′
(ξ )

ζ (ξ ) as follows;

u (ξ ) =
m∑︁
n=0
an

[︃
ζ
′
(ξ )

ζ (ξ )

]︃n
, (3)

where an , (n = 0, 1, 2, ...,m) , (am = ̸ 0) are unknown con-
stants and ζ (ξ ) is an unknown function that needs to be
found.

Here the positive integer m (the balancing number)
can be calculated by linking the homogeneous balance
principle with the highest order derivative term and the
highest order nonlinear termwhich appears in the reduced
equation.

By substituting Eq. (3) into the reduced equation, we
obtain a polynomial of ζ −j (ξ ) which also includes the
derivatives of ζ (ξ ). By equatingall the coefficients of ζ −j (ξ )
to zero (j ≥ 0), we obtain an algebraic equation system
which canbe solved for an (n = 0, 1, 2, . . . ,m), c and ζ (ξ ).
Finally substitution of an , c and ζ (ξ ) into Eq. (3) provides
the specification of the exact solution of Eq. (1)

In the other expansion methods, such as the tanh-
function method, the exp-function method, the ( G

′

G )-
expansion method, the auxiliary function method, the ex-
act solutions are expressed in terms of some pre-defined
functions. However some fresh solutions can be found
with the usage of the MSE method, since φ is not a pre-
defined function nor is it a solution of any pre-defined
equation. This is the main advantage of the proposed
method [22, 23].

3 Applications
In the current section, the exact solutions of the space-
time fractional EW equation and the space-time fractional
modified EW equation NPDEs are obtained by using the
MSE method.

3.1 The space-time fractional EW equation

We first consider the space-time fractional EW equation in
the form:

Dαt u(x, t) + εDαxu2(x, t) − δD3α
xxtu(x, t) = 0, (4)

where ε and δ are positive parameters. This equation is
used to model nonlinear dispersive waves [24]. Employing
the transformation (2), Eq. (4) reduced to an ODE as fol-
lows:

−cu′ + εk(u2)′ + δck2u′′′ = 0. (5)

Integrating (5) once and taking the constant of the integra-
tion as zero, it becomes:

−cu + εku2 + δck2u′′ = 0 (6)

Balancing the highest order derivative term u′′ with the
highest order nonlinear term u2, the balancing number is
determined to be m = 2. Then assume the exact solution
of the Eq. (6) as:

u (ξ ) = a0 + a1
(︂
ζ ′ (ξ )
ζ (ξ )

)︂
+ a2

(︂
ζ ′ (ξ )
ζ (ξ )

)︂2
. (7)

We obtain an algebraic equation system which follows by
substituting Eq. (7) into Eq. (6) and equating all the coeffi-
cients of ζ −j (ξ ) , (j = 0, 1, . . . , 4) to zero:

ζ 0 (ξ ) : εka20 − ca0 = 0, (8)
ζ 1 (ξ ) : ck2a1δζ ′′′ + 2εka0a1ζ ′ − ca1ζ ′ = 0,
ζ 2 (ξ ) : 2ck2δa2ζ ′ζ ′′′ + 2εka0a2(ζ ′)2 + εka21(ζ ′)2

+ 2ck2δa2(ζ ′′)2 − 3ck2δa1ζ ′′ζ ′

− ca2(ζ ′)2 = 0,
ζ 3 (ξ ) : 2εka1(ζ ′)3a2 − 10ck2δa2(ζ ′)2ζ ′′

+ 2ck2δa1(ζ ′)3 = 0,
ζ 4 (ξ ) : εka22(ζ ′)4 + 6ck2δa2(ζ ′)4 = 0.

From the first and last equations of the system above we
obtain for a0 and a2 :

a0 =
c
εk , a2 =

6ckδ
ε . (9)

Thereafter by substituting Eq. (9) into the remaining equa-
tions of the Eq. system (8), we find

ζ 1 (ξ ) : ck2δa1ζ ′′′ + ca1ζ ′ = 0, (10)

ζ 2 (ξ ) : − 12c2k3δ2ζ ′ζ ′′′
ε − 6kc2δ(ζ ′)2

ε + εka21(ζ ′)2

− 12c2k3δ2(ζ ′′)2
ε − 3ck2δa1ζ ′′ζ ′ = 0,

ζ 3 (ξ ) : − 10ck2δa1(ζ ′)3 +
60c2k3δ2(ζ ′)2ζ ′′

ε = 0.

It follows from the last equation of the system above that,

a1 =
6ckδζ ′′
εζ ′ . (11)

By substituting Eq. (11) into the remaing equations of the
Eq. system (10), an ODE system results. Next, the solution
of this system for ζ (ξ ) to show that:

ζ (ξ ) = C1 + C2e±
ξ√
−δk , (12)
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where C1 and C2 are arbitrary constants. Finally,we substi-
tute Eq. (12) into Eq. (7) and the following exact solutions
of the space-time fractional EW equation resulted:

u(ξ ) = c
εk

⎛⎝1 −
6
(︁
C2 cosh

(︁
ξ√
−δk

)︁
± sinh

(︁
ξ√
−δk

)︁)︁
(︁
C1 + C2

(︁
cosh

(︁
ξ√
−δk

)︁
± sinh

(︁
ξ√
−δk

)︁)︁)︁

+
6
(︂
C2

(︁
cosh

(︁
ξ√
−δk

)︁
± sinh

(︁
ξ√
−δk

)︁)︁2
)︂

(︁
C1 + C2

(︁
cosh

(︁
ξ√
−δk

)︁
± sinh

(︁
ξ√
−δk

)︁)︁)︁2

⎞⎟⎟⎠ .

Here ξ = kxα
Γ(1+α) −

ctα
Γ(1+α) . The figures of the obtained solu-

tions are generated by setting special values for the param-
eters as follows:

Figure 1: The exact solution for the EW equation with α = 0.5 and
α = 1 respectively when δ = 2, c = 0.5, ε = 0.5, C1 = 1, C2 = −1 and
k = −3.

3.2 The space-time fractional modified EW
equation

The space-time fractional modified equal width equation
(mEW) can be written in the following form [24]:

Dαt u(x, t) + εDαxu3(x, t) − δD3α
xxtu(x, t) = 0. (13)

Here ε and δ arepositiveparameters.Weperform the trans-
formation (2) and reduce Eq. (13) to an ODE:

−cu′ + εk(u3)′ + δck2u′′′ = 0. (14)

Negleting the constant of integration, we integrate Eq. (14)
once with respect to ξ and thus obtain:

−cu + εku3 + δck2u′′ = 0. (15)

Balancing the highest order derivative terms and nonlin-
ear terms in Eq.(15), the balancing number as m = 1. Ac-
cording to MSE method, the exact solution turns into

u (ξ ) = a0 + a1
ζ ′ (ξ )
ζ (ξ )

. (16)

Here after the following substitutions are made:

ζ 0 (ξ ) : εka30 − ca0 = 0, (17)
ζ 1 (ξ ) : δck2a1ζ ′′′ − ca1ζ ′ + 3εka20a1ζ ′ = 0,
ζ 2 (ξ ) : − 3δck2a1ζ ′′ζ ′ + 3εka0a21(ζ ′)2 = 0,
ζ 3 (ξ ) : 2δck2a1 + εka31(ζ ′)3 = 0.

From the solution of the first and the last equation of the
above system, we find the values of a0 and a1 as follows

a0 = ±
√︂

c
εk , a1 = ±

√︂
−2δcke

By substituting these valuse into the second equation of
Eq. system (17), an ordinary differential equation system
is obtained. From the solutions of this system

ζ (ξ ) = C1 + C2e±
√︁
− 2
δ
ξ
k ,

where C1 and C2 are arbitrary constants. Subsequently, we
have the following exact solutions of the space-time frac-
tional modified equal width equation

u (ξ ) =

∓

√
c
(︂
−C1 + C2

(︂
cosh

(︂√︁
− 2
δ
ξ
k

)︂
+ sinh

(︂√︁
− 2
δ
ξ
k

)︂)︂)︂
√
εk

(︂
C1 + C2

(︂
cosh

(︂√︁
− 2
δ
ξ
k

)︂
+ sinh

(︂√︁
− 2
δ
ξ
k

)︂)︂)︂ ,

where ξ = kxα
Γ(1+α) −

ctα
Γ(1+α) .We represent graphically the ob-

tained exact solutions of the modified EW equation by set-
ting special values for the parameters as follows:
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Figure 2: The exact solution for the modified EW equation with α =
0.5 and α = 1 respectively when δ = 2, c = 0.5, ε = 0.5, C1 = 1,
C2 = −1 and k = −3.

4 Conclusions
In the current paper, the MSE method has been success-
fully employed to obtain exact solutions of the space-time
fractional EW equation and the modified EW equation.
The generated solutions serve to illustrate several new fea-
tures of waves and can be more useful in theoretical and
numerical studies of the considered equation. Moreover,
the solutions which are obtained in this work are different
from the ones which are given in [24]. To the best of our
knowledge, symbolic computation systems (such as MAT-
LAB, MAPLE and MATHEMATICA) played a critical role in
the computations. The modified simple equation method

is a reliable and effective method. Also it can be applied to
many other NFDEs and NFDE systems appearing in math-
ematical physics and nonlinear sciences.
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